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Abstract 



We develop the theory of CW(A)-complexes, which generalizes the classical theory of 
CW-complexes, keeping the geometric intuition of J.H.C. Whitehead's original theory. 
We obtain this way generalizations of classical results, such as Whitehead Theorem, 
which allow a deeper insight in the homotopy properties of these spaces. 
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1 Introduction 

It is well known that CW-complexes are spaces which are built up out of simple building 
blocks or cells. In this case, balls are used as models for the cells and these are attached step 
by step using attaching maps., which are defined in the boundary spheres of the balls. Since 
their introduction by J.H.C. Whitehead in the late fourties [6], CW-complexes have played 
an essential role in geometry and topology. The combinatorial structure of these spaces 
allows the development of tools and results (e.g. simplicial and cellular aproximations, 
Whitehead Theorem, Homotopy excision, etc.) which lead to a deeper insight of their 
homotopy and homology properties. 

The main properties of CW-complexes arise from the following two basic facts: (1) The 
n-ball is the topological (reduced) cone of the (n — l)-sphere S^~^ and (2) The n-sphere 
is the (reduced) n-suspension of the 0-sphere . For example, the homotopy extension 
properties of CW-complexes are deduced from (1), since the inclusion of the (n — l)-sphere 
in the n-disk is a closed cofibration. Item (2) is closely related to the definition of classical 
homotopy groups of spaces and it is used to prove results such as Whitehead Theorem or 
Homotopy excision and in the construction of Eilenberg-MacLane spaces. These two basic 
facts suggest also that one might replace the original core by any other space A and 
construct spaces built up out of cells of different shapes or types using suspensions and 
cones of the base space A. 

The main purpose of this paper is to develop the theory of such spaces. More precisely, 
we define the notion of CW-complexes of type A (or CW(A)-spaces for short) generalizing 
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CW-complexes (which constitute a special case of CW(A)-complexes, when A = 5'°). As in 
the classical case, we study these spaces from two different points of view: the constructive 
and the descriptive approachs. We use both points of view to prove generalizations of 
classical results such as Whitehead Theorem and use these new results to study their 
homotopy properties. 

Of course, some classical results are no longer true for general cores A. For example, 
the notion of dimension of a space (as a CW(A)-complex) is not always well defined. 
Recall that in the classical case, the good definition of dimension is deduced from the 
famous Invariance of Dimension Theorem. By a similar argument, we can prove that in 
particular cases (for example when the core A is itself a finite dimensional CW-complex) 
the dimension of a CW(A)-complex is well defined. We study this and other invariants 
and exhibit many examples and counterexamples to clarify the main concepts. 

It is clear that, in general, a topological space may admit many different decompositions 
into cells of different types. We study the relationship between such different decomposi- 
tions. In particular, we obtain results such as the following. 

Theorem 1.1. Let A be a CW{B)-complex of finite dimension and let X be a generalized 

CW (A) -complex. Then X is a generalized CW {B)- complex. In particular, if A is a stan- 
dard finite dimensional CW-complex, then X is a generalized CW-complex and therefore 
it has the homotopy type of a CW-complex. 

By a generalized complex we mean a space which is obtained by attaching cells in countable 
many steps, allowing cells of any dimension to be attached in any step. 

We also analyze the changing of the core A by a core B via a map a : A^ B and obtain 
the following result. 

Theorem 1.2. Let A and B he pointed topological spaces with closed base points, let X 
he a CW(A) and let a : A B and (3 : B ^ A he continuous maps. 

i. If I3a = IdA, then there exists a CW(B) Y and maps ip : X ^ Y and ip : Y ^ X 
such that tpif = Idx ■ 

a. If P is a homotopy equivalence, then there is a CW(B) Y and a homotopy equivalence 
if.X^Y. 

Hi. If (3a = IdA and af3 ~ Id^ then there exists a CW(B ) Y and maps cp : X ^Y and 
i/j -.Y ^ X such that ipip = Idx and iptp = Idx ■ 

In particular, when the core A is contractible, all CW(^) -complexes are also contractible. 

Finally we start developing the homotopy theory of these spaces and obtain the following 
generalization of Whitehead Theorem. 

Theorem 1.3. Let X and Y be CW (A) -complexes and let f : X ^ Y he a continuous 
map. Then f is a homotopy equivalence if and only if it is an A-weak equivalence. 
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We emphasize that our approach tries to keep the geometric intuition of Whitehead's 
original theory. There exist many generahzations of CW-complexes in the hterature. We 
especially recommend Baues' generalization of complexes in Cofibration Categories [1]. 
There is also a categorical approach to cell complexes by the first named author of this 
paper . The main advantage of the geometric point of view that we take in this article is 
that it allows the generalization of the most important classical results for CW-complexes 
and these new results can be applied in several concrete examples. 

Throughout this paper, all spaces are assumed to be pointed spaces, all maps are pointed 
maps and homotopies are base-point preserving. 

2 The constructive approach and first results 

We denote by CX the reduced cone of X and by SX its reduced suspension. Also, 5" 
denotes the n-sphere and -D" denotes the n-disk. 

Let ^ be a fixed pointed topological space. 

Definition 2.1. We say that a (pointed) space X is obtained from a (pointed) space B 
by attaching an n-cell of type A (or simply, an A-n-cell) if there exists a pushout diagram 

i push 

CS"-iA— p-X 

The A-cell is the image of /. The map g is the attaching map of the cell, and / is its 
characteristic map. 

We say that X is obtained from B by attaching a O-cell of type A X = B V A. 

Note that attaching an S'^-n-cell is the same as attaching an n-cell in the usual sense, and 
that attaching an S^-n-cell means attaching an (m + n)-cell in the usual sense. 
The reduced cone CA of A is obtained from A by attaching an A-l-cell. In particular, 
is obtained from by attaching a D^-l-cell. Also, the reduced suspension T,A can be 
obtained from the singleton * by attaching an A-l-cell. 

Of course, we can attach many n-cells at the same time by taking various copies of 
and CS"-M. 

+ ga 

i push 

V CE"-!^ ^ J 

aeJ + U 
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Definition 2.2. A CW-structure with base A on a space X, or simply a CW(A)-structure 
on X, is a sequence of spaces * = X^^, X'^, X^, . . . , X", . . . such that, for n G No, X" is 
obtained from by attaching n-cells of type A, and X is the cohmit of the diagram 

* = ^ X° ^ ^ . . . ^ X" ^ . . . 



We caU X" the n-skeleton of X. 

We say that the space X is a CW(A)-complex (or simply a CW(A)), if it admits some 
CW(A)-structure. In this case, the space A will be called the core or the base space of the 
structure. 

Note that a CW(A) may admit many different structures of CW-complex with base A. 



Examples 2.3. 

1. A CW(5°) is just a CW-complex and a CW(5") is a CW-complex with no cehs of 
dimension less than n. 

2. The space admits several different CW(-D^)-structures. For instance, we can 
take X^ = D^+i for < r < n - 1 since CD'' = We may also take X° = . . . = 
X"^^ = * and X"^^ = since there is a pushout 



D 



n-1 



push 



CD 



n-1 



T.D 



n-1 



D' 



As in the classical case, instead of starting attaching cells from a base point *, we can 
start attaching cells on a pointed space B. 

A relative CW(A)-complex is a pair {X,B) such that X is the colimit of a diagram 

^ — ^ ^ ^ ■ ■ ■ ^ ^ ■ ■ ■ 

where X]^ is obtained from X^^^ by attaching n-cells of type A. 

It is clear that one can build a space X by attaching cells (of some type ^4) without requir- 
ing them to be attached in such a way that their dimensions form an increasing sequence. 
That means, for example, that a 2-cell may be attached on a 5-cell. In general, those spaces 
might not admit a CW(A)-structure and they will be called generalized CW(A)-complexes 
(see l2.5p . If the core A is itself a CW-complex, then a generalized CW(yl)-complex has the 
homotopy type of a CW-complex. This generalizes the well-known fact that a generalized 
CW-complex has the homotopy type of a CW-complex. 

Before we give the formal definition we show an example of a generalized CW-complex 
which is not a CW-complex. 
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Example 2.4. We build X as follows. We start with a 0-cell and we attach a 1-cell by 

the identity map obtaining the interval [—1; 1]. We regard 1 as the base point. Now, for 
each n G N wc define : [—1, 1] by gn{^) = 1, S'n(^l) = ^/n. We attach l-ccUs by 

the maps Qn- This space X is an example of a generalized CW-complex (with core S^). 
It is not hard to verify that it is not a CW-complex. To prove this, note that the points of 
the form 1/n must be 0-cells by a dimension argument, but they also have a cluster point 
at 0. 

Definition 2.5. We say that X is obtained from B by attaching cells (of different dimen- 
sions) of type A if there is a pushout 

+ 9a 

i push 

( V ^) V ( V cs""-i^) ^ ^ 

aeJo aeJ + fa 

where Uq, G N for all a € J. We say that X is a generalized CW( A) -complex if X is the 
colimit of a diagram 

* = X° ^ ^ X2 ^ . . . ^ X" ^ . . . 

where X" is obtained from by attaching cells (of different dimensions) of type A. 

We call X" the n-th layer of X. 

One can also define generalized relative CW(74)-complexes in the obvious way. 

For standard CW-complexes, by the classical Invariance of Dimension Theorem, one can 
prove that the notion of dimension is well defined. Any two different structures of a 
CW-complex must have the same dimension. 

For a general core A this is no longer true. However, we shall prove later that for particular 
cases (for example when yl is a finite dimensional CW-complex) the notion of dimension 
of a CW(^)-complex is well defined. 

Definition 2.6. Let X be a CW{A). We consider X endowed with a particular CW{A)- 
structure /C. We say that the dimension of /C is n if = X and X"'~^ ^ X, and we 
write dim(A^) = n. We say that /C is finite dimensional if dim(/C) = n for some n G Nq. 

Important remark 2.7. A CW(^) may admit different CW(^)-structures with dif- 
ferent dimensions. For example, let A = \J and let X = \/ A. Then X has a 

neN jeN 

zero-dimensional CW(^) structure. But we can see X = ( V ^) V TlA, which induces 
a 1-dimensional structure. Note that \/ A = {\/ A) \/ TlA since both spaces consist of 

countably many copies of S*" for each n € N. 



Another example is the following. It is easy to see that if i? is a topological space with the 
indiscrete topology then its reduced cone and suspension also have the indiscrete topology. 
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So, let A be an indiscrete topological space with 1 < < c. li A is just a point then 
its reduced cone and suspension are also singletons, so * can be given a CW(*) structure 
of any dimension. If ^A > 2 then = c for all n, and arc all indiscrete 

spaces. Since they have all the same cardinality and they are indiscrete then all of them 
are homeomorphic. But each S"^ has an obvious CW(yl) structure of dimension n. Thus, 
the homeomorphisms between S"^ and E"*A, for all m, allow us to give 'E"'A a CW{A) 
structure of any dimension (greater than zero). 

Given a CW(A)-complex X, we define the boundary of an n-cell e" by e" = e" fl 

o • 

and the interior of e" by e" = e" — e". 

o 

A cell is called an immediate face of if PI 7^ 0, and a cell is called a face 
of if there exists a finite sequence of cells 

„m _ mo mi m2 jrik _ n 



such that e^^ is an immediate face of e^^^^ for < i < k. 
Finally, we call a cell principal if it is not a face of any other cell. 

o o 

Remark 2.8. Note that n 7^ if and only if n = m, a = p. Thus, if ej^^ is a face of 
and 7^ e" then m < n. 

As in the classical case, we can define subcomplexes and cellular maps in the obvious way. 
Remark 2.9. If X is a CW(^), then X = \J e^. 

n,a 

Proposition 2.10. Let X be a CW(A) and suppose that the base point of A is closed in 
A. Then the interiors of the n-cells are open in the n-skeleton. In particular, X'^~^ is a 
closed subspace of X'^ . 



Proof. For n = —1 and n = it is clear. Let n > 1. We have a pushout diagram 

■X' 



push 



V CE'^-M ^ X" = U IJeS 

aeJ + fa o- 

aeJ 

o 

Consider a cell e^. In order to verify that is open in we have to prove that 

i.+f^y^ie'^) is open in V C'E^'-^A. Since {+fpy^ie'^) = CS"-U - is open in 

CE"-M, then is open in X". □ 

Proposition 2.11. Let A be a finite dimensional CW-complex, A ^ *, and let X he a 
CW(A). Let K. and K.' he CW(A)-structures in X and let n, m G No U {00} denote their 
dimensions. Then n = m. 
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Proof. We suppose first that fC and /C' are finite dimensional and n > m. 

o 

Let k = dim(A) and let be an n-cell of /C. We have a homeomorphism ~ CS"^^A — 

o 

Ti^^^A, and is open in X. Let e be a cell of maximum dimension of the CW-complex 

o 

CS"-M and let U = e. Thus U is open in X and homeomorphic to D'"''^ . 
Now, f7 intersects some interiors of cells of type A oi KL' . Let cq be one of those cells with 
maximum dimension. Suppose cq is an m'-cell, with m' < m. Then cq is open in the 
m'-skeleton of X with the fC' structure. It is not hard to see that V = U Hcq is open in 
U , extending eo to an open subset of X as in 12. 121 below. 

In a similar way, eo — CS™" — S"^ and V meets some interiors of cells of the CW- 
complex CT.'^'-^A. We take ei a cell (of type S^) of maximum dimension among those 

o 

cells and we denote k' = dim(ei). Then ei is homeomorphic to . Let W = V r\ei. One 

o o 

can check that W is open in ei ~ and that it is also open in [/ ~ D"'^^. 

By the invariance of dimension theorem, n + k = k' , but also k'<m + k<n + k. Thus 

n = m. 

It remains to be shown that if m = oo then n = oo. Suppose that m = oo and n ^ oo. 

o 

Let k = dim(^). We choose e' an /-cell of JC' with I > n + k. Then is open in the 

o 

/-skeleton (/C')^ As in the proof of 12.121 below, we can extend to an open subset U of 
X with U n {IC'y~^ = 0. Now we take a cell ei of /C such that eidU ^ and with the 
property of being of maximum dimension among the cells of IC whose interior meets U. 
Let r = dim(ei). We have that [/ C /C. As before, we extend ei to an open subset V of X 
with VnJC^"^ = ,V r\lC = ei. So C/nei = C/ny is open in X. Proceeding analogously, 
since ei ~ CY7^^A — Ti^'^A^ we can choose a cell 62 of ei (of type S^) with maximum 
dimension such that = 62 fl (C/ fl ei) 7^ 0. Again, W is open in X. Let s = dim 62- So 

o ° 

W is open in 62 — -D* and s<r + k<n + k<l. On the other hand, W must meet the 
interior of some cell of type belonging to one of the cells of /C' with dimension greater 
than or equal to / (since f/n (/C')'^^ = 0). So, a subset of W is homeomorphic to an open 

o 

set of D'i with q > I, a contradiction. □ 



Recall that a topological space Y is Tl if the points are closed in X. 

Proposition 2.12. Let A be a pointed Tl topological space, let X be a CW(A) and K C X 
a compact suhspace. Then K meets only a finite number of interiors of cells. 

o o 

Proof. Let A = {q/ K n e^°' / 0}. For each a e A choose G n eJJ". We want to 

o 

show that for any a G A there exists an open subspace C/q C A such that Ua 5 e^" and 
^ Ua for any j3 ^ a. 

For each n, let Jn be the index set of the n-cells. We denote by 5^ the attaching map of 
e^ and by its characteristic map. 
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Fix /? G A. Take Ui = e/, which is open in X"''. If ri/s = -1, we take U2 = { V ^ - 

aeJoflA 

{xa}) V ( V A), which is open in the 0-skeleton. 

aeJo-A 

Now, for np + n — 1 > 1 wc constrTict inductively open subspaces Un of with 

Un-l C Un, Un H ^ ^^-^^ ^^^^^ ^^^g^^ Xa ^ Un H a ^ (3. 

If the base point oq ^ Un-i-, we take 

C/„ = U U /^((5S")"'(C^n-l) X (1 - 1]) 

CkGt/n^+n— 1 

with < Sq. < 1 chosen in such a way that ^ if a 7^ (3. Note that Un is open in 

If ao € t/n-i we take 

Un = Un-iyJ U /:"(((5a")"HC^n-l)x(l-£„,l])U(I^,„x/)U(S-/'+-Mx[0,£:,))) 

with Wir^ = 14,:, n (5'2")"^(t^n-i)5 where C YT'i^^^^^A is an open neighbourhood of 
the base point not containing x'^ (where Xa = f2°'Wai^ot))-, and < < 1, < < 1, 
chosen in such a way that a;^ ^ J7„ if a 7^ (3. Note that C/„ is open in X^i^'^^~^. 

We set C//3 = U Un- Thus if C (J ^2" ^ U Ua, and Xa ^ C//3 if a 7^ /?. Since {Ua}oceK is 

nSN aeA asA 

an open covering of K which does not admit a proper subcovering, A must be finite. □ 

Lemma 2.13. Let A and B he Hausdorff spaces and suppose X is obtained from B by 
attaching cells of type A. Then X is Hausdorff. 

Proof. Let x,y ^ X. If x, y he in the interior of some cell, then it is easy to choose 
the open neighbourhoods. If one of them belongs to B and the other to the interior of 
a cell, let's say x £ e"", we work as in the previous proof. Explicitly, if x = fai^-it) 
with a G S""-!^, t G / then we take U' C S"" ^A open set such that a £ U' and 
ao ^ U', where aojs the basepoint of S^--^^. We define U = fa{U' x {t/2, (1 + t)/2)), 
and y = X - X [t/2, (1 + t)/2]). 

If X, y G B, since B is Hausdorff there exist U', V' Q B open disjoint sets such that x £ U' 
and y G V . However, U' and V' need not be open in X. Suppose first that x, y are both 
different from the base point. So we may suppose that neither U' nor V' contain the base 
point. We take 

U = U'u\Jfa{{9arHu')x{l/2;l]) 

aeJ 

V = V'u[Jf^{iga)-\V')x{l/2;l]) 

If X is the base point then we take 

U = U'u[j fM9a)-\U') X /) U (E»«-iA X [0; 1/2))) 

□ 
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Proposition 2.14. Let A be a Hausdorff space and let X he a CW(A). Then X is a 
Hausdorff space. 

Proof. By the previous lemma and induction we have that X" is a Hausdorff space for all 
n > —1. Given x,y € X, choose m G N such that x,y € X™. As X'^ is a Hausdorff space, 
there exist disjoint sets Uq and Vq, which are open in X"^, such that x G C/q and y € Vq. 
Proceeding in a similar way as we did in the previous results we construct inductively sets 
Uk, Vk for A; G N such that Uk, Vk C are open sets, UkDVk = 0, C/fenX"*+'=-^ = Uk-i 

and Vk n X"'+''-^ = Vk-i for all A; G N. We take U = \JUk, V = \jVk. □ 

Remark 2.15. Let X be a CW(^) and S C X a subspace. Then S is closed in X if and 
only if iS n is closed in e^ for all n, a. 

Lemma 2.16. Let X, Y he CW(A)'s, B C X a suhcomplex, and f : B ^ Y a cellular 
map. Then the pushout 

f 

B -^Y 

push 



^ B 



is a CW(A). 



Proof. We denote by {^x a}oieJn the n-cells (of type A) of the relative CW(A)-complex 
{X, B) and by {cy ^.j^g j' the n-cells of Y. We will construct X UY attaching the cells of 

Y with the same attaching maps and at the same time we will attach the cells of {X, B) 
using the map f : B ^Y. 

Let = JqUJL and = \/ A. We define /o : ^ Z° by /o|bo = /|bo and /o| , , 

T// X,a 

the inclusion. 

Suppose that Z'^~^ and : X'^~^ — > Z'^~^ with fn-ilsn-i = f are defined. We define 
by the following pushout. 

i push 

V cs"-i^ 

aeJn 



where J^' = J„ U and 



9o 



fn— 

lo ga if a G J„ 
9a if a e 4 



where ga and g'^ are the attaching maps. We define fn : X^ — > by fn\B^ = /|_B"7 
/nU"-i = /n-i and fn\ \J e^^ = fa (i-^- fn{fa{x)) = fa{x)). Note that /„ is weU 



defined. 
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Let Z be the colimit of the Z". By construction it is not difficult to verify that Z satisfies 
the universal property of the pushout. □ 

Corollary 2.17. Let X be a CW(A) and B ^ X a subcomplex. Then X/B is a CW(A). 

Theorem 2.18. Let X he a CW(A). Then the reduced cone CX and the reduced suspen- 
sion EX are CW(A)'s. Moreover, X is a subcomplex of both of them. 

Proof. By the previous lemma, it suffices to prove the result for CX. 

Let e2 be the n-cells of X and, for each n, let J„ be the index set of the n-cells. We denote 

by the attaching maps and by the characteristic maps. Let in-i ■ X'^~^ — > X" be 

the inclusions. We construct Y = CX as follows. 

Let yo = V ^ = 
ae Jo 

We construct from Y^ and from the 0-cells and the 1-cells of X by the pushout 



Ha 



aeJ\ 



push 



V c^. 



aeJ', 



7Y^ 



where J( = Jq U Ji. The maps g'^, for a G J(, are defined as 



9'a 



ia if a € Jo 
ga if a € Ji 



and ia ■ A —>■ \/ A is the inclusion of A in the a-th copy. Note that X^ is a subcomplex 

ae Jo 

of YK 

Note also that the 1-cells of Y are divided into two sets. The ones with a E Ji are the 

1-cells of X, and the others are the cone of the 0-cells of X. 

Inductively, suppose we have constructed Y"'~^. We define Y"' as the pushout 



V ^ ^ s- yn—l 

c^eJL ^ 



push 



V CS"-M 



aeJ' 



aeJ' 



f 



Yn 



where J'^ = Jn-i U Jn and 



ga for a G J„ 

fa U Cga for a G Jn-i ■ 
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We prove now that = CX" ^ U IJ^S- We have the following commutative diagram. 

a 

1 ( + ^ ^ Id+( + g'J 

^7/ _ ^ T y 



V i 
aeJL 



i„_iV V i push 



aeJ' 



( + /4)vid 



aeJn 



Id+{ + /;) 



The right square is clearly a pushout. To prove that the left square is also a pushout it 
suffices to verify that the following is also a pushout. 

+ fa 

y j^n-lj^ c.eJ„-i ^ yn-1 ^ CX"-^ U \J e^'^ 
aeJn-i aeJn-1 

V ' 

as J„_i 



V CS"-M. 



+ f'c 



cx 



n-1 



For simplicity, we will prove this in the case that there is only one ^-(n-l)-cell. Let 

11 : C(S"-i^) X {1} ^ CCS"-iA 

12 : X {1} X 1/ CCE"-M 
i : E"y4 = CE'^-^A U CT.'^-^A -> CSM 



be the corresponding inclusions. 

Let if : CC(E"-^^) ->■ CS(S"-^A) be a homeomorphism, such that = n + i2- Note 
that Cj = i2- There are pushout diagrams 

9 



i 



n-l 



push 



push 



CX 



n-l 



Cine 



■ X" = U e"" 



ccs"-i^- 



It is not hard to check that the diagram 

E^A = CE"-iA U CE"-U , CX"-i U e" 



CX^ 



{c/)^-i 

satisfies the universal property of pushouts. 

Now we take Y to be the colimit of y", which satisfies the desired properties. 



□ 
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Remark 2.19. 

1. The standard proof of the previous theorem for a CW-complex X uses the fact that 
X X / is also a CW-complex. For general cores A, it is not always true that X x I 
is a CW(^)-complex when X is. 

2. It is easy to see that if X is a CW{A), then T,X is a CW{A). Just apply the S 
functor to each of the pushout diagrams used to construct X. In this way we give 
EX a CW{A) structure in which each of the cells is the reduced suspension of a 
cell of X. This is a simple and interesting structure. However, it does not have the 
property of having X subcomplex. 

Lemma 2.20. Let A be a topological space and let {X,B) be a relative CW(A) (resp. 
a generalized relative CW(A)). Let Y be a topological space, and let f : B ^ Y he a 
continuous map. We consider the pushout diagram 



B 



f 



push 



Y 



X 



XUY 

B 



Then {X yjY,Y) is a relative CW(A) (resp. a generalized relative CW(A)). 

B 

Moreover, if(X,B) has a CW(A)-stucture of dimension n € No (resp. a CW(A)-structure 
with a finite number of layers) then {X U Y,Y) can also be given a CW(A)-stucture of 

B 

dimension n (resp. a CW( A) -structure with a finite number of layers). 

Theorem 2.21. Let A be a CW(B) of finite dimension and let X be a generalized CW(A). 
Then X is a generalized CW(B). In particular, if A is a CW-complex of finite dimension 
then X is a generalized CW-complex. 

Proof. Let 

* = X° ^ X^ ^ . . . ^ X" ^ . . . 
be a generalized CW(A) structure on X. Then, for each n € N we have a pushout diagram 



Cn= \l 



push 



Dn = {\J A)y{\J CS"--iA) 



X 



aeJo aeJ 



n-1 



+ /c 



where ria G N for all a € J. 

We have that {Dn,Cn) is a relative CW{B) by 12.181 ^^'^ it has finite dimension since A 
does. So, bv 12.201 (X",X"~^) is a relative CW{B) of finite dimension. Then, for each 
n € N, there exist spaces Yn for < j < m„, with m„ G N such that Yn is obtained from 
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^ by attaching cells of type B of dimension j and y„ ^ 
there exists a diagram 



X 



n-l 



X". Thus, 



X^ = Y 



-1 



Yr 



Y' 



yrn. 



X' = Yn 



-1 



Vrn2 
^2 



X' 



Y, 



-1 



where each space is obtained from the previous one by attaching cells of type B. It is clear 
that X, the colimit of this diagram, is a generalized CW(-B). □ 

In the following example we exhibit a space X which is not a CW-complex but is a CW(A), 
with A a CW-complex. 

Example 2.22. Let A = [0; 1] U {2}, with as the base point. We build X as follows. 
We attach two 0-cells to get Ay A. We will denote the points in yl V ^ as {a,j), where 
a A and j = 1, 2. We define now, for each n € N, maps gn '■ A ^ AV A in the following 
way. We set gnia) = («> 1) if a G [0; 1] and 5n(2) = (1/n, 2). We attach 1-cells of type A 
by means of the maps gn- By a similar argument as the one in 12.41 the space X obtained 
in this way is not a CW-complex. 

If ^ is a finite dimensional CW-complex and X is a generalized CW{A), the previous 
theorem says that X is a generalized CW-complex, and so it has the homotopy type of 
a CW-complex. The following result asserts that the last statement is also true for any 
CW-complex A. 

Proposition 2.23. If A is a CW-complex and X is a generalized CW(A) then X has the 
homotopy type of a CW-complex. 



Proof. Let 



* C C X^ C . . . C X" C 



be a generalized CW(yl) structure on X. We may suppose that all the 0-cells are attached 
in the first step, that is, 

X^ = \lAy\llT"A 

(3 a 

with Ha G N. It is clear that X^ is a CW complex. 

We will construct inductively a sequence of CW-complexes Yn for n G N with Yn-i ^ Yn 
subcomplex and homotopy equivalences (pn ■ X" — > Yn such that (pnlx"-'^ = (pn-i- 
We take Yi = X^ and (pi the identity map. Suppose we have already constructed Yi, . . . , Yfc 
and (pi,...,(j)k satisfying the conditions mentioned above. We consider the following 
pushout diagram. 



a 

Vcs" 



+9a 



push 



A 



^x^ 

if; push 



Yk 



/3 



7fe 



Y' 



Note that /? is a homotopy equivalence since is a closed cofibration and (pk is a homotopy 
equivalence. 
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We deform o {+ga) to a cellular map Tp and we define Yfc+i as the pushout 



push 



Ik 



+1 

There exists a homotopy equivalence k : Yj^j^^ ^fc+i with k\Y^. = Id. Let ik : — > 

be the inclusion. Then /c/3ifc = k^'^.(l)k ^-nd A;7^ = 7/^ is the inclusion. Let (pk+i = k(3. Then, 

4>k+i is a homotopy equivalence and (j)k+i\x'^ = 'i'k- 

We take y to be the colimit of the 1^,'s. Then y is a CW-complex. As the inclusions 
ik, 7A: are closed cofibrations, by proposition A. 5. 11 of it follows that X is homotopy 
equivalent to y. □ 

We prove now a variation of theorem 12.211 

Theorem 2.24. Let A he a generalized CW(B ) with B compact, and let X he a generalized 
CW(A). If A and B are Tl then X is a generalized CW(B). 



Proof. Let 



be a generalized CW(A)-structure on X. Let C„, Dn be as in the proof of I2.21[ 
We have that {Dn, C^) is a relative CW(5) byEIHl By EMI (X", is also a relative 

CW(-B), but it need not be finite dimensional, so we can not continue with the same 
argument as in the proof of 12.211 But using the compactness of we will show that the 
cells of type B may be attached in a certain order to obtain spaces for n € N such that 
X is the colimit of the Z"'s. 

Let J denote the set of all cells of type B belonging to some of the relative CW(-B)'s 
for n € N. We associate an ordered pair {a,h) € (Nq)^ to each cell in J in 
the following way. Note that each cell of type B is included in exactly one cell of type A. 
The number a will be the smallest number of layer in which that j4-cell lies. In a similar 
way, if we regard that ^-cell as a relative CW(i?) (CS"~^yl, (or more precisely, 

the image of this by the characteristic map), we set h to be the smallest number of layer 
(in (CE"-M, E"-M)) in which the 5-cell lies. If e is the ceh, we denote 99(e) = (a, b). 
We will consider in (Nq)^ the lexicographical order with the first coordinate greater than 
the second one. 

Now we set the order in which the S-cells are attached. Let Ji be the set of all the cells 
whose attaching map is the constant. We define inductively J„ for n G N to be the set of 
all the i?-cells whose attaching map has image contained in the union of all the cells in 
Jn~i- Clearly Jn-i ^ J„. We wish to attach first the cells of Ji, then those of J2 — Ji, 
etc. This can be done because of the construction of the J„. We must verify that there 
are no cells missing, i.e., that J = U Jn- 

nGN 

Suppose there exists one cell in J, which we call ei, which is not in any of the Jn- The 
image of its attaching map, denoted K, is compact, since B is compact and therefore it 
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meets only a finite number of interiors of A-cells. For each of these cells sa we consider 
the relative CW{B) {eA,eA — ga), where sa is the cell of type A. 

Then KneX is closed in K and hence compact, so it meets only a finite number of interiors 

of S-cells of the relative CW{B) (eA,eA — ga)- 

Thus K meets only a finite number of interiors of i?-cells in J. 

This implies that K, which is the image of the attaching map of ei, meets the interior of 
some cell 62 which does not belong to any of the J„, because of the finitcncss condition. 
Recall that 62 is an immediate face of ei, which easily implies that '^{£2) < fiei)- 
Applying the same argument inductively we get a sequence of cells (e^)^^^ such that 
(p{en+i) < (p{en) for ah n. 

But this induces an infinite decreasing sequence for the lexicographical order, which is 
impossible. Hence, J = (J Jn- 

neN 

Let = \J e. It is clear that (Z", Z"-^) is a relative CW(S). 

eeJn 

Since colimits commute, we prove that X = colim Z"' is a generalized CW(B)-complex. 

□ 

3 The descriptive approach 

We will investigate now the descriptive approach and compare it with the constructive 
approach introduced in the previous section. We shall prove that in many cases a con- 
structive CW(^)-complex is the same as a descriptive one. 
As before, let ^4 be a fixed pointed topological space. 

Definition 3.1. Let X be a pointed topological space (with base point xq). A cellular 
complex structure of type ^1 on X is a collection iC = {e^ : n G No, a G Jn} of subsets of 
X, which are called the cells (of type A), such that xq G for all n and a, and satisfying 
conditions (1), (2) and (3) below. 

Let IC^ = {e^a^r < ra, a G J^} for n G No, KL^^ = {{xq}}. K7^ is called the n-skeleton of K,. 
Let = U e^, |/C"| C X a subspace. 

r<n 

• o • 

We call eJJ = e" n |/C""'-'^| the boundary of the cell and = — the interior of the 
cell e". 

The collection /C must satisfy the following properties. 

(1) X=[jel = \K,\ 

n,a 

(2) el n e^ ^ ^ m = n,a = (3 

(3) For every cell with n > 1 there exists a continuous map 

o 

such that /Jj is surjcctivc and fj^ : CS"^^^ — ^ eJJ is a homeomorphism. 

For n = 0, there is a homeomorphism : (^4, ao) — > {e^, xq). 
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The dimension of JC is defined as dim/C = sup{n : J„ ^ 0}. 

Definition 3.2. Let /C be a cellular complex structure of type ^ in a topological space X. 
We say that K, is a cellular CW-complex with base A if it satisfies the following conditions. 

(C) Every compact subspace of X intersects only a finite number of interiors of cells. 

(W) X has the weak (final) topology with respect to the cells. 

In this case we will say that X is a descriptive CW(A). 

We study now the relationship between both approaches. 

Theorem 3.3. Let A be a Tl space. If X is a constructive CW(A), then it is a descriptive 
CW(A). 

Proof. Let K, = {e^}„^Q, U {{a^o}}- It is not difficult to verify that K, defines a cellular 
complex structure on X. 

It remains to prove that it satisfies conditions (C) and (W). Note that condition (C) follows 
from Em while (W) follows fromEISl □ 

Note that the hypothesis of Tl on A is necessary. For example, take A = {0, 1} with 
the indiscrete topology and as base point. Let X = \J A. The space X also has the 

indiscrete topology and it is a constructive CW{A). If it were a descriptive CW(^), it 
could only have cells of dimension since X is countable. But X is not finite, then it 
must have infinite many cells, but it is a compact space. This implies that (C) does not 
hold, thus X is not a descriptive CW(A). 

Theorem 3.4. Let A be a compact space and let X be a descriptive CW(A). If X is 
Hausdorff then it is a constructive CW(A). 

Proof. We will prove that l/C"! can be obtained from |/C"~^| by attaching ^-n-cells. For 
n = this is clear since we have a homeomorphism V /a • V ^ ^ l^*^!- 

For any n € N, there is a pushout 

i push 

V cs"-M ^i;^. 

The topology of \K7^\ coincides with the pushout topology since X is hausdorff and A is 
compact. □ 

It is interesting to see that 13.41 is not true if X is not Hausdorff, even in the case A 
is compact and Hausdorff. For example, take A = with the usual topology, and 
X = [—1; 1] with the following topology. The proper open sets are [—1; 1), (—1; 1] and the 
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subsets U C (—1; 1) which are open in (—1; 1) with the usual topology. It is easy to see 
that X is a descriptive CW{A). We denote = [—1; 1] with the usual topology. Take 
gO = {-1; 1}, = X. Let f : A ^ {-1; 1} and f : CA = be the identity 

maps on the underlying sets. Both maps are continuous and surjective. The maps and 

o o 

f^\ : are honieomorphisms. So conditions (1), (2) and (3) of the definition of 

cellular complex are satisfied. Condition (C) is obvious, and (W) follows from the fact 
that = X. So X is a descriptive CW(yl). But it is not a constructive CW{A) because 
it is not Hausdorff. 

In a similar way one can define the notion of descriptive generalized CW( A) -complex. The 
relationship between the constructive and descriptive approachs of generalized CW(yl)- 
complexes is analogous to the previous one. 



4 Changing cores 

Suppose we have two spaces A and B and maps a : A ^ B and (3 : B ^ A. Let X be a 
CW(A). We want to construct a CW(i?) out of X, using the maps a and (3. 
We shall consider two special cases. First, we consider the case jda = Id^, that is, ^ is a 
retract of B. In this case, we construct a CW{B) Y such that X is a retract of Y. 

We denote g'", /" the adjunction and characteristic maps of the yl-n-cells (7 G Jn)- Let 

Y^ = y B and let ipo : X^ ^ y° be the map Va and let ipo-Y^ ^ X° be the map V/3. 

7e./() 

Clearly 'tpo^o = Idxo- 

By induction suppose we have constructed y"~i and maps (fn-i '■ X"~^ yn-i ^^^^ 
Tpn-i '■ Y"^~^ X"^~^ such that t/jn-iipn-i = Id^"-! and such that ipk, ipk extend ipk-i, 
ipk-i for all A; < n — 1. We define Y^ by the following pushout. 



Vi 



V cs 



n-1 



B 



push 



■Y 



n-1 



Since 



( + /!^CS"-i/?)(Vi) 



+ (/^cs"-i/?i) = + if^iJ:''-^ 



= inc^n-i + {^n-\9^^ 



ri'V-n—l 



+ (inc£/::^s"-V) 



there exists a map ipn '■ Y'^ ^ extending i/'n-i such that il^n + /i" 
and tpnj = ineV^„_i. 

On the other hand we have the following commutative diagram 



n-1 
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7£ Jn 



n-1 



Vi 



V 



X 




Y 



n-l 



where the front and back faces are pushouts. Then the dotted arrow exists and we have 
= + ( + /i^CS^-^o;). Also, ipnVn = Mx", since 

i^n^n = + ( + ^n/lI^CS^-^a) = incVn-lV'n-l + ( + /^CE"" ^CS^-la) = 



76 Jn 

inc + ( + /-) = Idx" 



Let Y = coUm Y'^. Then there exist maps (p : X ^ Y and tjj -.Y ^ X induced by the 
V'n's and </?„'s and they satisfy tpip = Idx- So, X is a retract of Y . 

The second special case we consider is the following. Suppose A and B have the same 
homotopy type, that is, there exists a homotopy equivalence (5 : B ^ A with homotopy 
inverse a. Suppose, in addition, that the base points of A and B are closed. Let X be a 
CW{A). We will construct a CW(B) which is homotopy equivalent to X. 
Again we take y° = V ^- Let <^o : ^° ^ be the map Va. So, fQ is a homotopy 
7eJo 

equivalence. 

Now, let n G N and suppose we have constructed Y'"'~^ and a homotopy equivalence 
(Pn-i '■ X"'~^ — >■ y"~^. We define Y"- as in the first case. Consider the commutative 
diagrams 



76 Jrt 



Id 



V T.'^-^B 



n-l 



7e^n 



is 









7e'^n 




U 



7e''n 
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X 



n— 1 



V cs"-!^. 



^A 



VCS"-i/3 





+ g:; 


\. Id 




inc 



X 



n-1 



X"-' U e 



B 



P2 



V cs"-iA. 



76 



Since the front and rear faces of both cubical diagrams are pushouts, the dotted arrows 
pi and p2 exist. Now (pn-i, VS""-^/? and VCS"~^/3 are homotopy equivalences and Ia 
and is are closed cofibrations. Then, by proposition 7.5.7 of [2j, pi and p2 are homotopy 
equivalences. We have the following commutative diagram. 



i j k 
yn ^ ^ J^n-l yj El ^ 

where j and k are the inclusions. Let be a homotopy inverse of p2- Then piP2^k = 
PiP2^P23 — Pii = i'Pn-i- Since /c : — X" is a cofibration, (fn-i extends to some 

cpn '■ X"' y" and (pn is homotopic to piP2^, and thus, it is a homotopy equivalence. 
Again, we take Y = colim y". Then the maps ipn for n € N induce a map (/9 : A" ^ y 
which is a homotopy equivalence by proposition A. 5. 11 of [3]. 
We summarize the previous results in the following theorem. 

Theorem 4.1. Let A and B he pointed topological spaces. Let X he a CW(A), and let 
a : A ^ B and (3 : B ^ A he continuous maps. 

i. If f3a = Id^, then there exists a CW(B) Y and maps ip : X ^ Y and ip : Y ^ X 
such that ij)(p = Idx- 

ii. Suppose A and B have closed base points. If P is a homotopy equivalence, then there 
exists a CW(B) Y and a homotopy equivalence p : X ^ Y . 

Hi. Suppose A and B have closed base points. If (3a = Ua and a(3 ~ Id^ then there 
exists a CW(B ) Y and maps ip : X ^Y and ip : Y ^ X such that tpp = Idx o,nd 
ipip ~ Idy. 

Note that item (iii) follows by a similiar argument. 

The previous theorem has an easy but interesting corollary. 

Corollary 4.2. Let A he a contractihle space (with closed base point) and let X be a 
CW(A). Then X is contractihle. 
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This corollary also follows from a result analogous to Whitehead Theorem which we prove 
in the next section. 

5 Homotopy theory of CW(A)-complexes 

In this section we start to develop the homotopy theory of CW(^)-complexes. The main 
result of this section is theorem 15.101 which generalizes the famous Whitehead Theorem. 

Let X be a (pointed) topological space and let r € Nq. Recall that the sets Tr^{X) are 
defined by 7r^{X) = [T,'''A,X], the homotopy classes of maps from Y^^'A to X. It is well 
known that these are groups for r > 1 and Abelian for r > 2. 

Similarly, for S C X one defines Tr^iX,B) = [(CS'-M, S'^'M), {X,B)] for r G N, which 
are groups for r > 2 and Abelian for r > 3. 

Note that Tr^'\x) = 7rr(X) and Tr'^"{X) = 7r,.+„(X). Note also that 7r^(X) are trivial if 
A is contractible. 

Definition 5.1. Let {X,B) be a pointed topological pair. The pair (X,B) is called A-0- 
connected if for any given continuous function f : A ^ X there exists a map g : A ^ B 
such that ig c=L f ^ where i : B ^ X is the inclusion. 



* ^B 




Definition 5.2. Let n G N. The pointed topological pair {X,B) is called A-n- connected 
if it is A-O-connected and 7r^(X, B) = for 1 < r < n. 

Definition 5.3. Let f : X ^ Y he a continuous map, and let ^ be a topological space. 
The map / is called an A- 0- equivalence if for any given continuous function g : A ^ Y, 
there exists a map h : A ^ X such that fh ~ g. 



* ^X 




Given n € N, the map / is called an A-n- equivalence if it induces isomorphisms /* : 

7r^(X, xq) — i- 7r^(y, /(xq)) for < r < n and an epimorphism for r = n. 

Also, / is called an A-weak equivalence if it is an ^-n-equivalence for all n S N. 

Remark 5.4. Let / : X — > y be map and let n € N. We denote by Zj the mapping 
cylinder of /. Then / is an A-n- equivalence if and only if the topological pair {Zf,X) is 
^-n-connected. 

Lemma 5.5. Let X, S, B he pointed topological spaces, S X a subspace, xq & S and 
bo ^ B the base points. Let f : {CB, B) {X, S) be a continuous map. Then the following 
are equivalent. 
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i) There exists a base point preserving homotopy H : {CB x I,B x I) (X, S) such 
that Hio = f, Hii(x) = xq Vx G CB. 

ii) There exists a (base point preserving) homotopy G : CB x I ^ X, relative to B, 
such that Gio = f, Gii{CB) C S. 

Hi) There exists a (base point preserving) homotopy G : CB xl X, such that Gio = f > 
Gii{CB) C S. 



Proof, i) ii) Define G as follows. 

G{[x,s\,t)-- 



H{[x,^],t) ifO<s<l-| 
h([x,1],2-2s) ifl-|<s<l 

It is clear that G is well defined and continuous. Note that 

Gio{[x, s]) = H{[x, |], 0) = Hi[x, s],0) = f{x, s) 

Gii([x, s\) = H{[x, 2s], l)=xoeS if « < 5 

Gii{[x,s]) = H{[x,l],2-2s) e S if « > 5 

since H{B xI)CS. 

ii) ^ Hi) Obvious. 

Hi) i) We define H by 



H(\x s]t)-{ ifO<t<i 
^{[x,s\,i) - I Qi^^^x^s(^2-2t)]) if ^ <t < 1 



□ 



Lemma 5.6. Let X, Y be pointed topological spaces and let f : X ^ Y be an A-n- 
equivalence. Let r € N, r < n and let iA '■ T,^~^A C'E'^^^A be the inclusion. Suppose 
that g : T,'^~^A —>■ X and h : CT,^~^A — > Y are continuous maps such that Ma = fg- Then, 
there exists a continuous map k : CTT-'^A X such that Ha = g and fk h rel S^-^^. 




Proof. Consider the inclusions i : X ^ Zf and j : Y ^ Zf. Let r : Zf ^ Y he the usual 
retraction. Note that there is a homotopy commutative diagram 



iA 



^X 



jh 



22 



G. MiNiAN - M. Ottina 



Let H : T,^ ^AxI^Zfhe the homotopy from jhiA to ig defined by H{a,t) = [g{a),t] 
for a € Ti^^^A, t £ I. Consider the commutative diagram of sohd arrows 

S'-M ^S^-^A X / 

iA 



Since is a cofibration there exists a map H' such that the whole diagram commutes, 
which induces a commutative diagram 

iA i 

The pair {Zf,X) is ^-n-connected, so by lemma [531 there exists a continuous function 
k : CS'-M X such that kiA = g, ik H'ii rel T.^'-^A. Then 

/A; = rzA; ~ rH'ii ~ rH'iQ = rjh = h 

Note that the homotopy is relative to T,'^~^A, thus fkc^h rel 2*"^^^. □ 

Theorem 5.7. Let f : X ^ Y be an A-n- equivalence (n = oo is allowed) and let {Z,B) 
be a relative CW(A) which admits a CW(A)-structure of dimension less than or equal to 
n. Let g : B ^ X and h : Z ^ Y be continuous functions such that h\B = fg- Then there 
exists a continuous map k : Z ^ X such that k\B = g and fk :^ h rel B. 



Proof. Let 

S = {{Z', k', K')/B Q Z' C Z A- subcomplex , k' : Z' Z with k'ls = g and 
K' : Z' X I ^Y,K' : fk' ~ h\z' rel B} 

It is clear that S ^ 0. We define a partial order in S in the following way. 

{Z\ k', K') < {Z", k", K") if and only if Z' C Z" , k"\z' = k' K"|z'xi = K' 

It is clear that every chain has an upper bound since Z has the weak topology. Then, by 
Zorn's lemma, there exists a maximal element (Z', k' , K'). We want to prove that Z' = Z. 
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Suppose Z' ^ Z, then there exist some ^-cells in Z which are not in Z' . Choose e an 
^-cell with minimum dimension. Wc want to extend the maps k' and K' to Z' Ue. If e is 
an A-O-ccIl this is easy to do since / is an yl-O-cquivalcncc and all homotopies are relative 
to the base point. Suppose then that dime > 1. Let : (CS'^^yl, — > {Z,Z') be 
the characteristic map of e, let = '/'Is'—M) and let Z" = Z' U e. We have the following 
diagram. 

V' „, k' 



■^1 1 



A- 



^Z< 



iA 


III iz' 




■ 







f 



CS'^-lyl 



Z" 



Y 



Here, the homotopy of the right square is relative to B. Let a : / ^ / be defined by 
a{t) = 1 — t. Since iz' is a cofibration we can extend K'(Id x a) to some H : Z" x I —> Y , 
and then we obtain a commutative diagram 



A 



Z' 



X 



iA 


III iz' 


III 


■ 







CS^-iyl 



^z" 



^Y 



By the previous lemma, there exists / : C17~^A — > X such that Ua = k'l/j and fl ~ Hii(p 
rel H'^~^A. Let G denote this homotopy. 

Now, since the left square is a pushout, there is a map ^ : Z" ^ X' such that 7^ = I, 

^iz' = k'. So 7 extends k' . We want now to define a homotopy K" : f'j h\z" extending 
K'. We consider CT,'-^A x [0,2]/ ~ where we identify {b,t) ~ {b,t') for b G T,'-^A, 
t,t' e [1,2]. There is a homeomorphism l3 : CS'-M x [0,2]/ CS^-^ x I defined by 



([a, 5], 2^ 
{[a,s], 



P{[a,s],t) = 
We have the following commutative diagram 



2-s ^ 2- 



if < t < 1 

if 1< t < 2 



Y-^A X / - — > Z' xl 



lAXld/ 



CE'-^A X I 




K'ildxa) 



Note that 



(H{4>xldi)+G(ldxa 



{H{(f) X Id/) + G(Id X a))p-\iA x Id/) = H{(P x Id/)(zA x Id/) = 
= H{iz' X Id/)(V' X Id/) = ii:'(Id X a)(V' X Id/) 



Then, the map K exists. We take K" = K{Id x a). 



□ 
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Remark 5.8. If (Y,B) is a relative CW(j4) which is j4-n-connected for all n G N then 
i : B ^ Y is an ^-n-equivalence for all n € N and we have 




Thus i3 is a strong deformation retract of Y. In particular, if X is a CW(^) with7r;^(X) = 
for all n € No, then X is contractible. 

The following proposition follows immediately from 15.71 

Proposition 5.9. Let f : Z ^Y be an A-n- equivalence (n = oo is allowed) and let X he 
a CW(A) which admits a CW (A)-structure of dimension less than or equal to n. Then, 
the map /=„ : [X, Z] — > {X, Y] is surjective. 

Finally we obtain a generalization of Whitehead's theorem. 

Theorem 5.10. Let X, Y he CW(A)'s and f : X ^ Y a continuous map. Then f is a 
homotopy equivalence if and only if it is an A-weak equivalence. 

Proof. Suppose / is an A-weak equivalence. We consider : [1", X] — > [5^,^]- By the 
previous proposition, f^ is surjective, then there exists g : Y ^ X such that fg ~ Idy. 
Then g is also an A-weak equivalence, so applying the above argument, there exists an 
h : X ^ Y such that gh ~ Idx- Then / ~ fgh ~ h, and so, gf — gh ^ Idx- Thus / is a 
homotopy equivalence. □ 

We finish with some results concerning the connectedness of CW(A)-complexes. 

Lemma 5.11. Let A he an l-connected CW-complex, let B he a topological space, and 
suppose X is obtained from B hy attaching a 1-cell of type A. Then {X,B) is {I + 1)- 
connected. 

Proof. Let g be the attaching map of the cell and / its characteristic map. Since A is an 
/-connected CW-complex, {CA, A) is a relative CW-complex which is {I + l)-connected. 
Then there exists a relative CW-complex (Z, A') such that A is a strong deformation 
retract of A', CA is a strong deformation retract of Z and {Zy^'Y^^ = A'. Let r : A' ^ A 
be the retraction and let ix '■ B ^ X be the inclusion. Consider the pushout 




/' 

Then (Y, B) is a relative CW-complex with (Yb)'"''^ = B, and hence it is {I + l)-connected. 
The inclusions i : A ^ A' and j : CA Z and the identity map of B induce a map 
(p : X ^ Y with cpix = iyld^. Now, ia, ia' are closed cofibrations and i, j and Ids 
are homotopy equivalences, then, by proposition 7.5.7 of [2j, ip is a homotopy equivalence. 
Thus, {X, B) is (/ + l)-connected. □ 
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Note that the previous lemma can be apphed when attaching a cell of any positive dimen- 
sion, since attaching an A-n-cell is the same as attaching a (S"^^j4)-l-cell. The following 
lemma deals with the case in which we attach an ^-0-cell. The proof is similar to the 
previous one. 

Lemma 5.12. Let A he an l-connected CW-complex, B a topological space, and suppose 
X is obtained from B by attaching a 0-cell of type A (i.e., X = B M A). Then {X,B) is 
l-connected. 

Now, using both lemmas we are able to prove the following proposition. 

Proposition 5.13. Let A be an l-connected CW-complex, and let X be a CW(A). Then 
the pair (X, X") is {n + l + l)-connected. 

Proof. Let r < n + ; + 1 and / : (L'^5'^-^) We want to construct a 

map /' : [W^S''-^) such that f{D'') C X", and / ~ /' rel S'^'^. Since 

f{D^') is compact, it intersects only a finite number of interiors of (n + l)-cells (note that 
A is Tl). By an inductive argument, we may suppose that we are attaching just one 
(n + l)-cell of type A, which is equivalent to attaching a 1-cell of type 'E'^A. Since 
is (n + /)-connected, {X^^^,X^) is (n + / + l)-connected. The result of the proposition 
follows. □ 

Proposition 5.14. Let A be an l-connected CW-complex, with dim(y4) = € No, and let 
X be a CW(A). Then the pair is A-{n -k + l + l)-connected. 

Proof. We prove first the ^-0-connectedness in case k < n + / + 1. We have to find a 
dotted arrow in a diagram 




This map exists because ^ is a CW-complex with dim(j4) = k and {X, X") is {n-\-l -\- 1)- 
connected. 

Now we prove the A-r-connectedness in case 1 < r < n — k -\- I -\- 1. By lemma 15. 5^ it 
suffices to find a dotted arrow in a diagram 

s^-M 



This map exists because (CS''~^A, T,^^^A) is a CW-complex of dimension r -\- k, (X, X") 
is {n-\- 1 -\- l)-connected, and r + k<n + l + l. □ 
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